The improvement of the performance of superconducting RF cavities has recently motivated a considerable research effort in order to elucidate the effect of trapped magnetic flux on the surface resistance s R . In this paper we show that by introducing a non-linear pinning force in the Gittleman-Rosenblum equations for the RF power dissipation due to a trapped magnetic flux in a superconductor, we can empirically describe the linear dependence on the RF field amplitude 0 rf B of the additional surface resistance fl R . We also show that the proportionality between the RF-field dependent and independent terms R follow naturally from this approach.
R follow naturally from this approach.
Introduction
The quest for optimizing energy consumption in particle accelerators is motivating the research for increasing the quality factor in Superconducting Radio-Frequency (SRF) cavities, as underlined in recent projects [1] , [2] . This in turn has motivated a renewed interest in several Laboratories to study the effect of trapped magnetic flux on SRF cavity performance, and on the possibilities of minimizing its consequences. The effect of trapped magnetic flux on the quality factor s Q R = G , where s R is the surface resistance and G depends only on cavity geometry, has been experimentally identified and studied since the earliest developments of SRF cavities [3] , [4] , [5] . The experimental data are generally well described, in particular at low RF field amplitude, by an extra additive term fl R to the cavity surface resistance s R , having the bi-linear form:
( ) R is the RF slope of the sensitivity. The first term is typically dominating in the case of bulk niobium cavities, although the second term can become of a comparable order of magnitude at high RF fields, in particular for high-frequency cavities [6] , [7] . Interestingly, it was found that cavities made with the sputter thin film technology of niobium on a copper substrate (Nb/Cu) were much less sensitive to the ambient magnetic field, usually because of a much smaller 0 fl R compared to bulk Nb cavities [5] , [6] . The Earth magnetic field is large enough to induce a sensible degradation of the surface resistance and this motivated the use of efficient magnetic shielding of bulk Nb SRF cavities, and conversely Nb/Cu cavities need not be shielded in typical accelerator applications [8] . In recent years, it has also been realized that the expulsion or trapping of magnetic flux depends in large part on the cooldown dynamics and in particular on the temperature gradient along the cavity upon crossing the critical temperature [9] , [10] . Although adequate cool-down conditions allow obtaining very large quality factors [11] , understanding of the phenomenon has motivated several studies, in particular as a function of the niobium structure, treatment and mean free path [12] , [13] . Recent investigations have also focused on the frequency dependence of the effect of trapped magnetic flux [7] confirming and integrating older results [3] . In this paper we will present a simple model based on a nonlinear extension of the classical Gittelman and Rosemblum (GR) model [14] , originally introduced to describe dissipations in thin films due to the motion of a rigid flux-lattice under the effect of an RF current as in a forced linear oscillator.
Our model reproduces the linear dependence of fl R on R . We will also show that the available experimental data on the frequency dependence of 1 fl R can be well described by of our model.
The Gittelman and Rosemblum model
The original GR model considers a thin slab with uniform RF currents in its thickness d and small displacements of a rigid vortex lattice due to the small applied RF current compared to the critical current. This last point corresponds to the assumption of a harmonic potential && can typically be neglected [14] , [15] , which simplifies the calculations. The flux lattice displacement is then:
With: = is satisfied at typical accelerating cavities frequencies [18] . Though the original GR model was considering very thin films, the model can be extended in principle to film thicknesses smaller than the pinning correlation length
J is the depairing current density), that can be over 1 μm for Nb films [19] .
Various extensions of the model have been recently proposed in the literature [20] , [21] showing that the GRtype models can fit also the experimental results of pure bulk cavities, though the assumption of perpendicular rigid vortices driven by uniform RF currents seems to be hardly applicable to describe the long flexible vortices trapped in bulk Nb cavities. Starting from this last consideration, a model of non-rigid fluxons including both bending modes and the nonlocal tension of the vortex line has been recently introduced [22] , describing experimental results with very good accuracy [23] , [13] .
It is important to underline here that all the models based on the GR simple picture describe the pinned flux lines under the effect of the RF currents as forced linear oscillators, so that the power dissipation is always proportional to the square of the RF field amplitude, hence the surface resistance does not depend on rf B . In different words, these models can only describe the term 0 fl R but do not provide a description of 1 fl R . In the following we will extend the basic GR model, introducing an ad hoc non-quadratic pinning potential (nonlinear pinning force) in order to reproduce the linear rf B field amplitude dependence experimentally observed by many authors [3] , [5] , [6] , [7] . We should mention that a recent different approach also attempts at explaining the dependence on rf B , by making use of a mean-field collective pinning potential [24] .
Non linear flux oscillation model
Let us assume a non-harmonic pinning potential:
This form of the pinning potential is a reasonable approximation of theoretical predictions of the real potential well shape [25] . The pinning force per unit length corresponding to this potential is: cycle by a single fluxon as:
Here, obviously, sflo P corresponds to the single fluxon power dissipation in the linear GR model. (18) The calculation of the integrals in Eqs. (14) and (18) 
Comparison with experimental results
The model presented in the previous section predicts a linear dependence of the flux sensitivity B . This is indeed observed in several experiments, both on bulk Nb cavities [3] , [5] , [7] and Nb/Cu thin film cavities [6] , [26] , [27] , and allows expressing the flux sensitivity as in Eq. (1). The coefficients of flux sensitivity and RF field dependence measured in these experiments are reported in Table 1 . In practice, however, this is a somewhat trivial result, since the shape of the non-quadratic pinning potential (non-linear pinning force) has also been selected to reproduce this result. A higher order of the potential would have naturally resulted in a higher-order RF field dependence.
From the experimental data it is always possible to deduce the value of the non-linear parameter a and verify whether this term is small enough to be compatible with the adopted perturbative approach. From Eq. R as observed on bulk Nb [3] , [6] , on Nb/Cu thin films [6] , [27] , and also on Nb3Sn films grown by thermal diffusion of Sn vapours inside Nb cavities [28] . Data extracted from [6] for several Nb/Cu cavities coated with different sputter gases (Ar, Kr and Xe) produced at CERN are reported in Fig. 3 , which illustrates well the predicted behavior. The present model can also describe the frequency-dependence of the effect of trapped flux. From Eqs. (22) and (23) we can write: 
This dependence is plotted in Fig. 4 for o w w £ , fitted to the available data from recent experiments on "120 °C baked" bulk Nb cavities [7] , and to older experimental results at lower frequency which date back to the very early developments of SRF using low-RRR Nb [3] , also reported in the figure.
One should be aware, however, that Eq. (24) predicts a decrease of 
Conclusions
We have shown that, by inserting a simple non-harmonic pinning potential in the GR equations, we can R observed in the experiments can also be reproduced.
We are aware that our simple model cannot reproduce all the large body of experimental evidence, however its good capability of describing some of the main features of the flux sensitivity could be the basis for a more complete theoretical treatment based on more refined models, which would include the specific mechanisms producing the non-linear pinning force. 
